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Abstract 
In 1988 Johnson et al. defined the complexity 
class PLS. Since then there has been a wealth of 
empirical and formal evidence to suggest that the 
computation hardness of finding local optimum 
through polynomial local search is strictly easier 
than computing globally optimal solutions such as 
in the case of FNP. However, there is no known 
meta-algorithmic approach to exactly find local 
optimum in better than O(2n) worst case running 
time. In this project we investigate proof barriers to 
resolving FP vs. PLS and show that any resolution 
to FP vs. PLS must be both non-relativizing, and 
non-algebraizing. Furthermore, we show 
analogous results for the related complexity 
classes CLS and FBPP.  

All definitions and results have been simplified for 
display purposes. 

Complexity Classes 
• FP: “Problems with efficient algorithms”. 
• FBPP: “Problems with efficient random 

algorithms”. 
• FNP: “Problems with efficient non-deterministic 

algorithms”. 
• FPSPACE: “Problems with algorithms that use 

polynomial space”. 
• PLS: “Problems that involve finding a local 

optimum on the boolean hypercube”. 
• CLS: “Problems that involve finding local optima 

of continuous functions on the unit cube”. 

Relativization 
In this framework, algorithms are allowed to make 
queries to a fixed black-box subroutine called an 
oracle. For a complexity class C, and and oracle 
O, CO denotes the set of problems solved by C-
machines with access to O. Many established 
proofs apply uniformly in a world with oracles 
regardless of what the oracle does. Such proofs 
are called relativizing. We construct two oracles A, 
and B such that FPA = PLSA, but FPB = PLSB 

therefore showing that any separating or 
collapsing technique for FP vs. PLS must be non-
relativizing. 

Algebraization 
A generalization of relativization where the 
simulating machine gets access not only to an 
oracle A, but also a low-degree extension Ã of A 
over a finite field or ring 𝔽 [1]. 

Communication Complexity Local Search 
In the communication variant of local search [4] 
there are two parties, Alice and Bob who each 
have functions, A1 and A2 respectively. They want 
to find a nontrivial (in terms of bit complexity) way 
to compute a local minimum of A1 + A2.  

Results 
Theorem. There are oracles A and B such that 
FPA = PLSA, but FPB ≠ PLSB. 

Proof Idea. For the first direction let A be an 
FSPACE-complete language. Clearly FPA subset 
FNPA, and also since A is FPSPACE-complete, we 
can Turing reduce A to any other problem in 
FPSPACE, yielding that FPA ⊆ FPSPACE. 
Furthermore it is not hard to see that FPSPACE ⊆ 
FPA  so FPA = FPSPACE. Now we argue that FNPA 
subset FPSPACE. Suppose 𝛱 ∊ FNPA, then we 
can guess the computation tree for 𝛱 and all the 
queries in polynomial space giving us that 𝛱 ∊ 
FPSPACE. Finally, the desired result that FPA = 
PLSA follows from the inclusions shown in the 
figure above. 

For the oracle B, let D(G,f,A) denote the minimum 
number of queries that algorithm A requires to find 
a local optimum of f in a graph G. Then Llewellyn 
et al. [2] showed that, 

Then we can consider an enumeration of FP-
machines, and construct B so that no FP-machine 
could find a local optimum of B in fewer than O(2n) 
steps. We omit the full details.  

A similar bound [3] can be derived for randomized 
queries, allowing us to find an A, B so that FBPPA 
= PLSA, but FBPPB ≠ PLSB. The same applies for 
CLS, and FBPP. 
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Theorem (Transfer Principle [1]). “Suppose that 
Alice and Bob can find a local minimum of A := A1 + 
A2 with T queries to Ã, then they can find a local 
minimum using O(Tn log |𝔽| log 𝓁(n)) bits of 
communication, where 𝓁(n) is the ‘stretch’ of A.” 

Proof Idea. Keep track of what points are queried 
in the algorithm with access to the multinomial 
extension. If the first point is y1, then each party 
can compute a ‘restricted’ Fourier expansion, 

 
 
where we imagine ÃJ|z is either Ã1 or Ã2 and, 

This enables Alice and Bob to communicate 
everything they need from Ã with low bit 
complexity, which yields the desired result.  

Theorem. Any resolution to FP vs PLS must be 
non-algebraizing. 

Proof Idea. Establish that a multinomial extension 
of a FPSPACE-complete language is still 
FPSPACE-complete. Then picking A to be 
FPSPACE-complete gives an A such that FPÃ ⊆ 
PLSA.  

For the other direction Babichenko et al. [4] gave a 
𝛺(2n) communication lower bound on PLScc. With 
a simple diagonalization we can show PLScc ⊄ Pcc, 
and a proof by contradiction using the transfer 
principle tells us that some different A such that 
such that FPÃ ⊆ PLSA  must exist.  

The transfer principle can also be used to show 
that any resolution to FBPP vs PLS must be non-
algebraizing.
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